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As an example of the use of the explicit f inite-difference scheme for calculating the t empera -  
ture distribution in an infinite plate we discuss a method of constructing networks which leads 
to stable solutions for a specified computational accuracy .  

It is well known that the nonstationary propagation of heat in a wall can be described by a system of 
explicit f ini te-difference equations. The stability and convergence of the solution of such a system are  de- 
termined by the magnitudes and the rat io of the space and time steps used in the numerical  integration of 
the system [1-4]. 

For the s implest  three-point  scheme the magnitudes of the tempera tures  d i and dl(AFo) corresponding 
to the t imes Fo and Fo + AFo are connected by the following relation, written in dimensionless form 

ffi (AFo) == ff~_lAihFo + ~i [1 - -  AFo (A i -}- Bi) ] + ~I+IBiAFo. (1) 

It is assumed that the thermal  flux is uniform and that the ambient temperature  and the thermophysical  
charac ter i s t ics  of the wall are constant. The coefficients Ai, B i are  found by applying the heat balance 
condition to the e lementary  parts  into which the wail is decomposed for the calculation. The number of 
these par ts  m determines  the size of the space steps. 

The requi rement  that the solution of a system of equations of type (1) be stable for all nodal points is 
satisfied if 

1 
AFo~ , 0 -~ i ,~ m. (2) 

A~ +B~ 

We note that points with number i = O and i = m belong to the boundary surfaces  of the wall. 

Condition (2) establ ishes the la rges t  admissible value of a time step AFo. Another natural limitation 
is imposed by the required accuracy  of the calculation of the tempera ture  distribution. High accuracy  in 
nonstat ionary thermal  problems can be achieved only for sufficiently large values of m. At the same time 
increasing m leads to a sharp increase in computing time. If for m = 10 a computer of the M-20 type [5] 
requires  one second to compute the tempera ture  distribution in the wall to a value of the Four ier  number 
Fo = 1, then for m = 80-100 a s imi lar  calculation requires  10-20 minutes of machine time. It should be 
noted that the design of a heat engine general ly  involves the study of dozens of s t ructural  variat ions.  There -  
fore,  a reasonable choice of time and space steps in calculating temperature  distributions is of considerable 
value. 

Analysis of the effect of m on the accuracy  of the calculation of the tempera ture  is most  conveniently 
per formed for an infinite plate with boundary conditions of the f i rs t  kind. In this case Eq. (2) takes the 
form 

1 
AFo ~ - -  (3) 

2rn ~ 

Equation (3) contains the single pa rame te r  m. 
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Fig .  1. Dependence  of the e r r o r  A& = 0 - ~ e x a c t  on Fo a) for  
s m a l l  and b) for  l a r g e  m. 

The in i t i a l  t e m p e r a t u r e  of the wa l l  is  t aken  a s  z e r o  a t  a l l  po in t s .  The b o u n d a r y  cond i t ions  can be 
w r i t t e n  in the f o r m  

t~ o (Fo) = #m (Fo) = 1. 

The t i m e  s tep  A F o  in the c a l c u l a t i o n s  is  d e t e r m i n e d  by the e q u a l i t y  (3) 

I 
hFo = 2rn~ (4) 

F o r  conven ience  in p lo t t ing  g r a p h s  the va lue s  ob ta ined  for  A F o  a r e  r e d u c e d  to the n e a r e s t  m u l t i p l e  of 0o01, 
the value  chosen  for  the t i m e  s t ep  in the p r in tou t .  

The a c c u r a c y  of  the c a l c u l a t i o n  can be checked ,  for  e x a m p l e ,  by the va lue  of  the t e m p e r a t u r e  a t  the 
c e n t e r  of the p la te  ~ (Fo) .  We denote  the e x a c t  va lue  of the check  t e m p e r a t u r e  by Oexact-  

F i g u r e  I shows the e r r o r  A~ = ~ - ~  e x a c t  a s  a funct ion of  Fo fo r  v a r i o u s  v a l u e s  of  m. The f igu re  
shows tha t  the m a x i m u m  of the a b s o l u t e  v a l u e s  of the e r r o r  for  m - 4 o c c u r s  fo r  Fo  = 0 .12-0 .14 .  If a 
va lue  is  s e t  for  the m a x i m u m  a d m i s s i b l e  e r r o r  [A~]ma x ,  then for  e ach  value  of Fo  it is  p o s s i b l e  to f ind 
the s m a l l e s t  value  of m e n s u r i n g  the r e q u i r e d  a c c u r a c y  of  the  ca l cu l a t i on .  The r e s u l t i n g  g r a p h  for  the 
choice  of m is shown in Fig .  2. 

The c u r v e s  of m (Fo,  IAv~lmax) g ive  the va lues  of m p e r m i t t i n g  c a l c u l a t i o n s  to a s p e c i f i e d  a c c u r a c y  
with  a m i n i m u m  e x p e n d i t u r e  of  mach ine  t i m e .  The s i ze  of the s t ep  A F o  for  a chosen  m can be d e t e r m i n e d  
f r o m  Eq. (4). In the r ange  0 -< Fo -< 1 the choice  of m and A F o  by the method  d e s c r i b e d  h a l v e s  the c a l c u -  
l a t ion  t ime  in c o m p a r i s o n  with  the t ime  n e c e s s a r y  wi th  a f ixed  m.  Thus if the t e m p e r a t u r e  of a p l a t e  is to 
be d e t e r m i n e d  to t h r e e  s i g n i f i c a n t  f i g u r e s  ({A~[max --< 0.0005) m m u s t  be taken  equa l  to 32 in c a l c u l a t i o n s  
wi th  a cons t an t  s t ep ,  w h e r e a s  in c a l c u l a t i n g  with the cu rve  for  [AO[ma x -~ 0.0005 the va lue  of m v a r i e s  f r o m  
32 to 5. 

A f u r t h e r  d e c r e a s e  in mach ine  t i m e  can o b v i o u s l y  be a c h i e v e d  if i n s t e a d  of d e t e r m i n i n g  the s t ep  A F o  
f r o m  (4) a r e l a t i o n  is u sed  which e n s u r e s  a s m a l l e r  e r r o r  a t  each  s t ep  of  the c a l c u l a t l o n ,  e . g . ,  the r e l a t i o n  

AFo --  1 (5) 
6m ~ 

ob t a ined  f r o m  

h~ 
l = (6) 

6a 
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Fig. 2. Graph for determining 
the number  m for var ious  values 
of the maximum adm is s ible e r r o r  
of the calculation: 1) [A~[ma x 
-< 0.5"I0-2; 2) [A3[max -< 0.5 
�9 10-3; 3) [A~Ima x-< 0.5.10 -4. 

o #,~ Ce F0 

As shown in [2, 3] the e r r o r  of Eq. (6) for a given h is half as la rge  as for  the re la t ion  

h~ 
l - -  

2a 

which co r responds  to Eq. (4). 

The ef fec t iveness  of the method descr ibed  for choosing the mesh size is ver i f ied  in an a n a l y s i s o f  the 
heating of solid and hollow cyl inders  with boundary conditions of the f i r s t  kind and a plate with boundary 
conditions of the third kind. 

This kind of analys is  may turn out to be useful in construct ing solutions of s imi l a r  p rob lems  r e q u i r -  
ing extensive calculat ions.  

N O T A T I O N  

Fo is the d imens ion less  t ime (Fourier  number);  
AFo, l is the length of the t ime step; 
AFOpr is the length of the t ime step in printout  of the machine calculations; 
$i and $i(AFo) a re  the re la t ive  t e m p e r a t u r e s  of the wall at  t imes  Fo and Fo + AFo, respec t ive ly ;  
~i = [Ti(Fo)- Tol/(Ta -To); 
T O and Ti(Fo ) 
Ta 
A i and B i 

m 

i 

Ad = $ - ~ e x a c t  
and ~texae t 

[2~lma• 
h 
a 

are  the initial and running t e m p e r a t u r e s  of the wall; 
is the ambient  t empera tu re ;  
are  the constants de te rmined  by applying heat  balance conditions to e l e m e n t a r y  pa r t s  into 
which the wall is divided for calculation; 
is the number  of e l e m e n t a r y  par ts ;  
is the ordinal  number  of nodal point in calculational network,  0 <- i -< m; 
is the e r r o r  in the calculat ing t empera tu re ;  
a re  the calculated and exact  values of re la t ive  t e m p e r a t u r e  at the center  of the plate; 
is the max imum absolute value of admiss ib le  e r r o r ;  
is the length of the space step; 
is the the rma l  diffusivity of ma te r i a l .  

2. 

3. 

4. 

5. 
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